In this paper, we use variant fountain theorems to study the existence of infinitely many solutions for the fractional p-Laplacian equation (-) 
Introduction
In this paper we investigate the existence of infinitely many solutions for the fractional p-Laplacian equation
where λ, μ are two positive parameters, N, p ≥ 2, α ∈ (0, 1), (-) for all x ∈ R N and |u| ≥ r 0 .
(f5) f (x, -u) = -f (x, u) for all (x, u) ∈ R N × R.
(g) g ∈ L q (R N ) and g(x) ≥ 0 ( ≡ 0) for a.e. x ∈ R N , where q ∈ (
], q ∈ (1, p). Fractional systems arise for example in phase transitions, chaos, diffusion, finance, flame propagation, and wave propagation. In [1] , the authors introduced a fractional order modified Duffing system dt q 2 are fractional derivatives, and via phase portraits and bifurcation diagrams, they studied chaotic behaviors for this system; we also refer the reader to the books [2] [3] [4] and the papers [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Variational methods and critical point theory were used to study fractional Schrödinger equations in the literature [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] ; for results on Schrödinger equations, we refer the reader to . In [24, 25] , Ambrosio and Torres used the mountain pass theorem and a variant of the fountain theorem to obtain the existence of nontrivial solutions for (1) with λ = 1, μ = 0, where f is p-superlinear at infinity. In [27] , Tang et al. obtained infinitely many solutions for the following fractional p-Laplacian equations of Schrödinger-Kirchhoff type:
where they used the condition: (Tang) There exist c 0 > 0, r 0 > 0, and κ > {1,
to ensure that the energy functional satisfies the Palais-Smale condition, i.e., (PS) sequence has a convergent subsequence; this condition can also be found in [26, 28, [40] [41] [42] . There are only a few papers on (1) with a sublinear perturbation. For example, in [29] the authors used the famous Ambrosetti-Rabinowitz condition: (AR) There exists μ > p 2 such that
to obtain nontrivial solutions for (2) with a perturbation g (g ∈ L p p-1 (R N )). In [30-32, 38, 39 ] similar methods were used to study various Schrödinger equations with perturbations. Motivated by the above papers, in this paper we use variant fountain theorems to study the existence of nontrivial solutions for the fractional p-Laplacian equation (1) . The novelty is two-fold: (i) the condition (Tang) is adopted to ensure that bounded sequences have convergent subsequences, (ii) we consider the influence of parameters and perturbation terms on the existence of solutions. Now, we state our main result. 
This shows that
On the other hand, from (f1) for all ε > 0, we have
and hence, there exists c ε =
and from
Remark 1.3 Consider the Ambrosetti-Rabinowitz condition (see [29-32, 38, 39] ): (AR) There exists θ > p such that
). Consequently, for all x ∈ R N , we have
and this is impossible for large |u|. However, this function satisfies conditions (f1)-(f5).
Preliminaries
We first discuss the space W α,p (R N ) (for more details, we refer the reader to [67] ). When u : R N → R is a measurable function, we define the Gagliardo seminorm as follows:
Now, the fractional Sobolev space is given by
with the norm
where u p is the norm for the usual Lebesgue space L p (R N ), denoted by
For the potential function V , we consider the following fractional Sobolev space:
Note that the parameter λ can be chosen large enough, so this norm can be replaced by
In summary, throughout our paper we use the space (E, · ). 
Hence, there exists C t > 0 such that
Let X be a reflexive and separable Banach space and X * be its dual space. Then there
Lemma 2.2 (see [69] ) Let X be a Banach space, and X = j∈N X j with dim X j < ∞ for any
Suppose that (Z1) Φ λ maps bounded sets to bounded sets uniformly for
λ ∈ [1, 2]. Furthermore, Φ λ (-u) = Φ λ (u) for (λ, u) ∈ [1, 2] × X; (Z2) B(u) ≥ 0; B(u) → ∞ as u → ∞ on any finite dimensional subspace of X; (Z3) There exist ρ k > r k > 0 such that a k (λ) = inf u∈Z k , u =ρ k Φ λ (u) ≥ 0 > b k (λ) = max u∈Y k , u =r k Φ λ (u) for λ ∈ [1, 2], d k (λ) = inf u∈Z k , u ≤ρ k Φ λ (u) → 0 as k → ∞, uniformly for λ ∈ [1, 2]. Then there exist λ n → 1, u(λ n ) ∈ Y n such that Φ λ n | Y n (u(λ n )) = 0, Φ λ n (u(λ n )) → c k ∈ [d k (2), b k (1)] as n → ∞. In particular, if {u(λ n )} has a convergent subsequence for every k, then Φ 1 has infinitely many nontrivial critical points {u k } ⊂ X\{0} satisfying Φ 1 (u k ) → 0 - as k → ∞.
Main results
Now, we can define the energy functional J on E as follows:
From (4), (V1)-(V2), and (g) we have that J is well defined and of class C 1 . Moreover,
From the definition of J , we see that the critical points of J are weak solutions for (1) . From [30] , we know that the space E can be decomposed as X in Lemma 2.2, so we can consider the family of functionals J ν : E → R defined by
Also, it is easy to see that J ν maps bounded sets to bounded sets uniformly on ν ∈ [1, 2]. Proof For any finite dimensional subspace E ⊂ E, there exists ε 1 > 0 such that
If (8) is not true, then for all n ∈ N, there exists u n ∈ E\{0} such that
, then for all n ∈ N, v n = 1, and we obtain
Since dim E < ∞, passing to a subsequence if necessary, we may assume that v n → v 0 in E. Moreover, v 0 = 1. From the equivalence of all norms on the finite dimensional space E, we have
Thus, there exist ξ 1 , ξ 2 > 0 such that
If not, for all n ∈ N, we obtain
This implies that
Hence, v 0 = 0, contradicting v 0 = 1, and then (11) holds. Now let
From (9) and (11), we have
For n large enough (for example, taking n such that ξ 2 -
This contradicts (10) . As a result, (8) holds. For ε 1 in (8), let
Then we have meas(Ω u ) ≥ ε 1 . On the other hand, from L'Hospital rule and (f3) we have
Hence, there exists sufficiently large d 2 > 0 such that
From (4) with s ∈ (p, p * α ), we have
As a result, there exists d 3 ∈ (0, d 2 ) such that
This, together with (8), implies that
Thus B(u) → ∞ as u → ∞ on any finite dimensional subspace of E. This completes the proof.
Lemma 3.2 Suppose that the assumptions of Theorem 1.1 hold. Then there exists a sequence ρ
and
where (4), (5), we obtain 
On the other hand, for any u ∈ Z k with u ≤ ρ k , we have
This completes the proof.
Lemma 3.3 Suppose that all the assumptions of Theorem 1.1 hold (and μ is sufficiently small). For the sequence {ρ
where
Proof For u ∈ Y k , from (13) and (5) we have
Note that we can take sufficiently large d 2 (and μ sufficiently small) such that
From Lemmas 3.1-3.3, we see (Z1)-(Z3) of Lemma 2.2 hold. Therefore, there exist
For convenience, we denote u n = u(ν n ) for all n ∈ N.
Lemma 3.4
Suppose that all the assumptions of Theorem 1.1 hold. Then the sequence {u n } is bounded in E.
Proof Note that J ν n (u(ν n )) is bounded, and we have
We will argue by contradiction. If u n is unbounded in E, we assume that u n → ∞.
, and then v n = 1. Passing to a subsequence, there exists
Next we consider two cases.
, and v n (x) → 0 for a.e. x ∈ R N . Let r 0 be as in (f4), and from (3) we have
From (f4), we know τ >
. From the Hölder inequality and (18), we obtain
Combining (19) and (20), we have
On the other hand, note that ν n → 1, from (5) and (g) we have
which contradicts (21). Proof From Lemma 3.4, the sequence {u n } n∈N is bounded in E. Then there exists u ∈ E such that u n u weakly in E, u n → u strongly in L r (R N ) for r ∈ [p, p * α ) and u n (x) → u(x) for a.e. x ∈ R N after passing to a subsequence if necessary. Next, we prove two claims.
, and w n (x) → 0 for a.e. x ∈ R N after passing to a subsequence. Recall that u n u weakly in E, we have w n = u n -u + o (1) , and from (7) we only need to show
In fact, from (3) we have
Claim 2. There is M > 0 such that
Note that w n = u n -u, by (3), (4), and (22) we have
. Now, we prove that the sequence {u n } n∈N has a convergent subsequence. Note V (x) < b on a set of finite measure and w n → 0 strongly in L r (R N ), r ∈ [p, p * α ), and we have Thus there exists Λ > 0 such that w n → 0 in E when λ > Λ. This implies that u n → u in E. This completes the proof.
Proof of Theorem 1.1 From the last assertion of Lemma 2.2, we know that J = J 1 has infinitely many nontrivial critical points. Therefore, (1) possesses infinitely many small negative-energy solutions. This completes the proof.
